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ALGEBRAS 



ADRIANA BALAN 

Abstract. The notion of crossed product by a coquasi-bialgebra H is introduced and studied. The resulting 
crossed product is an algebra in the monoidal category of right H-comodules. We give an interpretation of 
the crossed product as an action of a monoidal category. In particular, necessary and sufficient conditions 
for two crossed products to be equivalent are provided. Then, two structure theorems for coquasi Hopf 
modules are given. First, these are relative Hopf modules over the crossed product. Second, the category of 
coquasi-Hopf modules is trivial, namely equivalent to the category of modules over the starting associative 
algebra. In connection the crossed product, we recall from [T] the notion of a cleft extension over a coquasi- 
Hopf algebra. A Morita context of Hom spaces is constructed in order to explain these extensions, which 
are shown to be equivalent with crossed product with invertible cocycle. At the end, we give a complete 
description of all cleft extensions by the non-trivial coquasi-Hopf algebras of dimension two and three. 



1. Introduction 

The notion of a crossed product by a bialgebra was first introduced by Sweedler, in his study on cohomology 
over bialgebras ([2])- Later it was generahzed and intensively studied in relation with the theory of Hopf- 
Galois algebra extensions ([3], [4], [5], [6]). As it was noticed in [7 , a crossed product by a bialgebra H 
can be interpreted as an action of the monoidal category of comodules over the category of modules over a 
ring. Using this point of view, it is natural to try to define crossed product by a coquasi-bialgebra instead 
of a bialgebra. This is motivated by the fact that coquasi-bialgebras generalize bialgebras, preserving the 
monoidality of the category of comodules. One of the aims of this paper is to introduce the coquasi-algebraic 
version of crossed product by a bialgebra, including interpretations in terms of monoidal categories, and also 
to study some properties of such crossed products. 

In the Hopf algebra theory, crossed products are the same as cleft extensions (f6], [4l). Motivated by this 
correspondence, we also investigate the notion of a cleft extension over a coquasi-Hopf algebra (which was 
already introduced by the author in the previous paper [T]). 

The paper is organized as follows. It begins with a short review of the known results about coquasi- 
bialgebras and coquasi-Hopf algebras, their categories of comodules and about algebras and modules within 
these monoidal categories mentioned above. In Section 3.1, we shall see that given a coquasi-bialgebra H 
and an associative algebra R, endowed with a weak left 7?-action, the existence of a i?-valued 2-cocycle 
allows us to define a multiplication on i? (g) i?, by the same formula as in the Hopf algebra situation. But 
the similarity stops here: the conditions that we have to impose on the cocycle are modified because of 
the reassociator w of H. The resulting crossed product will no longer be an associative algebra, but a 
right if-comodule algebra R^^H. Also it is interesting to notice that the crossed product can be built 
on the base field k if and only if the coquasi-bialgebra is a deformation of a bialgebra. An example of 
crossed product is provided by the associative algebra R = H*, with regular left weak action and cocycle 
given by the reassociator u. Then H*4f^H can be interpreted as an analogue of the Heisenberg double for 
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coquasi-bialgebras (the quasi-bialgebra case was studied by Panaite and Van Oystaeyen in [8 ). This can be 
generahzed by taking R = Hom{H, A), for any A a right if-comodule algebra. Then there is an associative 
multiphcation on this space, which generahze Doi's smash product and allows us to construct the crossed 
product Hom{H, A)^^H. Another example is obtained in the finite dimensional case. Namely, we show 
that giving an associative algebra R together with a weak action and a two cocycle such that relations p.f p . 
(|3.3p . (|3.4p . (|3.5p . (j3.6p hold (a crossed system), is the same as giving a right _ff*-comodule algebra (as it 
was defined by Hausscr and Nill in [9J). In particular, the crossed product in this case coincides with the 
quasi-smash product from |I0| . 

The next Section is devoted to find a categorical explanation of the conditions imposed on the cocycle 
and weak action. Namely, the monoidal category of iJ-comodules (or bicomodules) acts on the category of 
i?-modules (or i?-modules, 77-comodules) by usual tensor product if the conditions for the crossed product 
are fulfilled. Changing the monoidal category by twisting the coquasi-bialgebra implies changing the crossed 
system. Two structures of crossed product on the same algebra R with same coquasi-bialgebra H (meaning 
we change the action of the monoidal category) are equivalent if and only if the corresponding cocycles differ 
by a coboundary. 

In Section 3.3, the category of coquasi-Hopf modules {M-^)h is introduced and studied, again by monoidal 
category arguments. Namely, the category of _ff-bicomodules ^ Ai^ acts on the category of right i?-modules, 
i/-comodules Ai^ by usual tensor product and H is an algebra in this monoidal category. Hence it makes 
sense to construct right -ff-modules within Ai^- These will be called right coquasi-Hopf modules. Now 
the crossed product algebra comes in: the category of right coquasi-Hopf modules {A4^)h is isomorphic to 
the category of relative Hopf modules over R^^H. It is interesting to notice that a similar category, but 
for the finite dimensional dual case, was defined in [TU] and called the category of two-sided Hopf modules. 
This is isomorphic to our category of coquasi-Hopf modules, but the isomorphism seems to do not have a 
monoidal category explanation (Remark [J) . This Section ends with a structure theorem for the category 
of coquasi-Hopf modules: we show that this category is trivial, if the coquasi-bialgebra is endowed with an 
antipode and the cocycle is invertible: namely, there is a special projection on the coinvariants space, which 
induces an equivalence with the category of right modules over the starting associative algebra R. Combinig 
this with Theorem [ini it follows that Hopf modules over the crossed product algebra are trivial. In the Hopf 
algebra case, this holds because crossed products with invertible cocycle are the same as cleft extensions. The 
second main part of the paper is devoted to find a similar result in the context of coquasi-Hopf algebras. But 
this requires an appropriate notion of cleft extension for coquasi-Hopf algebras. Given a right i7-comodule 
algebra A, this is a cleft extension of the subalgebra of coinvariants B = A'^"^ if conditions (|4.ip - (|4.3p 
hold. This definition was introduced in author's previous paper [1] and is significantly different from that of 
cleft Hopf algebra extensions. As this involves the convolution product (which is no longer associative), the 
invcrtibility of the cleaving map has to be translated now in relations (|4.2p . (|4.3p involving the antipode and 
the linear maps a, f3. We shall give an interpretation of these relations. Namely, a Morita context involving 
four different Horn spaces is constructed, similar to the one used in [TT] for the coring case. The strictness 
of the context is deeply connected with the notion of Galois extension (as it was defined in [T]), and the 
deftness is equivalent to the existence of two elements in the connecting bimodules which are mapped by 
the Morita homomorphisms to the units elements of the involved algebras, in particular the Morita context 
is strict. 

In a previous paper ([l]), we have shown the equivalence between cleft extensions and Galois extensions 
with normal basis property. It is then natural to pursue the characterization of cleft extensions in terms of 
crossed products with coquasi-Hopf algebras. We generalize in Section 4.2 the result of Doi and Takeuchi ([6J), 
respectively of Blattner and Montgomery ([4j) about the equivalence between the two structures mentioned 
previously. As an application of this, in the Appendix we give a full characterization of all cleft extensions 
by certain coquasi-Hopf algebras, namely the unique non-trivial coquasi-Hopf algebras of dimension 2 and 
3, as they were described in jl2j. 
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As we shall see, the theory of coquasi-Hopf algebras is technically more complicated than the classical 
Hopf algebra theory. This happens because of the appearance of the reassociator u and of the elements a 
and /3 in the definition of the antipode. All these things increase the complexity of formulas, and therefore 
of computations and proofs. 



2. Preliminaries 

In this Section we recall some definitions, results and fix notations. Throughout the paper we work over 
some base field k. Tensor products, algebras, linear spaces, etc. will be over k. Unadorned (g) means An 
introduction to the study of quasi-bialgebras and quasi-Hopf algebras and their duals (coquasi-bialgebras, 
respectively coquasi-Hopf algebras) can be found in [T3]. A good reference for monoidal categories is [13], 
while actions of monoidal categories are exposed in [7]. 

Definition 1. A coquasi-bialgebra {H,m,u,uj,A,s) is a coassociative coalgehra {H,A,s) together with coal- 
gebra morphisms: the multiplication m : H ® H — > H ( denoted m{h ® g) — hg ), the unit u : k — > H 
( denoted u{\) — \h ), and a convolution invertihle element to G {H ® H ® H)* such that: 

(2.1) hi{giki)uj{h2,g2,k2) = ^(/ii, 5i, ^0(^252)^2 

(2.2) IhH = hlH^h 

(2.3) (Jj[hi,gi,kili)ui{h2g2,k2,l2) = w(.gi, fci, Zi)a;(ft.i, 32^:2, ^2)w(/i2, 53, ^s) 

(2.4) ^{h,lH,g) = e[h)e{g) 

hold for all h, g,k,l £ H . 

As a consequence, we have also uj{Ih, h, g) — Lu{h, g, Ih) = e{K)e{g) for each g,h E H . 

Definition 2. A coquasi-Hopf algebra is a coquasi-bialgebra H endowed with a coalgebra antihomomorphism 
S : H — > H (the antipode) and with elements a, f3 Cz H* satisfying 

(2.5) S{hi)a{h2)h3 = a{h)lH 

(2.6) h,f]{h2)S{h3) = m'^H 

(2.7) cu{hi(3{h2),S{h3),a{h4)h5) - u;-\S{hi),a{h2)h3f]{h4), Sih^)) ^ e{h) 
for all h e H. 

These relations imply also S{Ih) = Iff and Q;(lff )/?(lff) = 1, so by rescaling a and /3, we may assume 
that a{lH) = 1 and /?(lff) — 1. The antipode is unique up to a convolution invertible element U G H*: if 
(S",a',/3 ) is another triple with the above properties, then according to [13j we have 

(2.8) S'ih)^U{hi)S{h2)U-\h;), a'{h) = U{hi)a{h2), P' (h) = P{hi)U-\h2) 
for all h e H. 

We shall use in this paper the monoidal structure of the category of right (left) i?-comodules and of the 
category of H-bicomodules: the tensor product is over the base field and the comodule structure (left or 
right) of the tensor product is the codiagonal one. The reassociators are 

^uy.w ■■ iU(E)V)(g)W — >U(g,{V(g,W) 
^u.y,w{iu IS) v) Ci) w) = uq IS) {vq (S> wo)ijj{ui,vi,wi) 

iov u €U, V eV, w eW and U,V,W e , respectively 

^u,v,w ■■ {U(g)V)(g)W — >U(g){V®W) 
^u,v,w{{u ® v) w) = uj~'^{u^i,v-i,w^i)uo {vo ® wq) 
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for u£U,v£V,w£W and U,V,W G ^A4. For the category of iJ-bicomodules, one can obtain the 
reassociator by combining the above two, namely by multiplication to the left by uj"^, respectively to the 
right by to. 

For H a coquasi-bialgebra, the linear dual H* = Ho'm{H, k) becomes an associative algebra with multi- 
plication given by the usual convolution product 

(2.9) {h*g*){h) ^h*{hi)g*{h2) yh £ H and h*,g*€H* 
and unit e. This algebra is acting on H by the formulas: 

(2.10) h* ^h^hih*{h2), h ^ h* = h* {hi)h2 

for any h* e H* , h e H . 

Even though H is not an associative algebra, we keep the notation from the Hopf algebra case for the 
weak action of H on H* 

(2.11) {h^h*){g)^h*{gh), {h* ^h){g)^h*{hg) 

for any h* £ H*, g,h€ H. 

If iJ is a finite dimensional coquasi-bialgebra, then it is easy to check that H* is a quasi-bialgebra with the 
induced dual operations and conversely, the linear dual of any finite dimensional quasi-bialgebra becomes a 
coquasi-bialgebra, which justifies some common notations and definitions. An immediate consequence is the 
identification between the category of right _ff-comodules Ai^ and the category of left iJ*-modules ifA^. 
A right iJ-comodule V becomes a left iJ*-module by h*v = h*{vi)vQ, V /i* G H* , v V. Conversely, to any 

dimff 

left _ff*-module V we may associate an iJ-coaction by Py{v) — ^ e*u O e^, where again (ei)i=i^dim_f/ and 

1=1 

(e*)i=i,dim_f/ are dual bases for H, respectively H* . 

Now, recall from [15] the following: for r G {H ® H)* a convolution invertible map such that t(1, ft,) = 
t(/i, 1) — e{h) for all /i G 7? (r is called a twist or a gauge transformation), one can define a new structure 
of coquasi-bialgebra (or coquasi-Hopf algebra) on iJ, denoted H^, by taking 

(2.12) h-rg = T{hi,gi)h2g2T^^{h3,93) 

(2.13) ujr{h,g,k) = T(gi, fci)T(/ii, 32^2)^(^2, 53, ^3)t"^(/i334, fc4)T"^(ft.4, 55) 

(2.14) ar(h) = T~HS{hi),a{h2)h3) 

(2.15) P,{h) = T(fti/3(ft2),5(ft3)) 

for all h,g,k ^ H, and keeping the unit, the comultiplication, the counit and the antipode unchanged. 

Remark 3. There is a monoidal isomorphism M.^ ~ Ad^'^ , which is the identity on objects and on mor- 

phisms, with monoidal structure given by V ® W > V ® W , v ® w — > uq ® wqt{vi, Wi), where v ^ V , 

wQW andV,W e M" . 

We shall also need a particular twist f G {H (® H)* , which appears in [TH] and controls how far is the 
antipode S from a anti-algebra morphism: 

(2.16) {ihi,gi)Sih2g2) ^ S{gi)Sihi)i{h2,g2) for all ft, .g G 
We have also from [TT that 

(2.17) P{higi)i^-'\h2,g2)=cj{higuS{g5),S{hi))u;-\h2,g2,S{gi))f3{h3)(3{g3) 

Definition 4. i^jlSj ] A right comodule algebra A over a coquasi-bialgebra H is an algebra in the monoidal 
category M.^ . This means {A^p^) is a right H -comodule with a multiplication map '■ A ® A — > A, 
denoted (^^{a ®) b) — ah, for a,b £ A, and a unit map ua '■ k — > A, where we put ma(1) = ^A, which are 
both H-colinear, such that 

(2.18) {ab)c^ aa{bQCo)uj{ai,hi,ci) 
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holds for any a,b,c A. 

Definition 5. (^[18| ] For H a coquasi-bialgebra and A a right H-comodule algebra, we may define the notion 
of right module over A in the category M.^ . Explicitly, this is a right H-comodule (M, Pj^j), endowed with a 
right A-action fij^j : M >Si A — > M , denoted fj,]^j(m, a) — ma, such that 

{ma)b — mo(ao&o)^("^l, ai, 61) 
ttlIa — rn 

hold for all m G M, a,b E A. The category of such objects, with morphisms the right H-colinear maps which 
respect the A-action, is called the category of relative right [H , A)-Hopf modules and denoted M.^- 

Remark 6. It was proven in |18j that if t is a twist on H, then the formula 

(2.19) a -T b = a^boT^^ {ai,bi) 

for all a,b E A defines a new multiplication such that A, with this new multiplication (denoted A^-i ) becomes 
a right H-r-comodule algebra. It is easy to see that the isomorphism of Remark\^ sends the algebra A of the 
monoidal category Ai^ exactly to the algebra A^-i in M.^^ . Therefore the categories of right relative Hopf 
modules and A4^'^ ^ will also be isomorphic. 

Let A be a right iJ-comodule algebra. Consider the space of coinvariants 

B = A""" = {a eA\pA{a) = a® 1^} 

It is immediate that this is an associative k-algebra with unit and multiphcation induced by the unit and 
the muhiphcation of A. There is a pair of adjoint functors which arises naturaUy, namely the induced and 
the coinvariant functors 

{-)®bA 

(2.20) Mb ^ 

(_)coff 

where N ®b A is a relative Hopf module with action and coaction induced by A, and M'^°^ becomes 
naturally a right B-module by restricting the scalars, for any N £ Mb and M £ M^. Notice also the 
natural isomorphism 

(2.21) iJomf {A, M) ~ M""" 

for any M £ M^. Finally, we recall from 1 the notion of a Galois extension: 

Definition 7. (^) Let H a coquasi-Hopf algebra and A a right H-comodule algebra with coinvariants 
B ~ j^c^oH ^ rp^^ extension B C A is Galois if the map can : A(S)b A — > A^ H, given by 

(2.22) a^Bb — > aobo ^ biu;^\ai,biP{b2), S{b3)) 
is bijective. 

Although this definition implies the existence of the antipode, unlike the classical associative case, it is 
deeply connected with the above mentioned adjunction of functors, exactly as for Hopf algebras (see [1]). 



3. Crossed products by coquasi-bialgebras 

3.1. Definition of a crossed product. We start by developing a suitable theory of crossed products, 
generalizing that of [3] and [B]. Let H he a coquasi-bialgebra and R an associative algebra. On R we 
consider the following structures: 
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• a weak action • : 77 (g) i? — > R, meaning a bilinear map such that 

(3.1) h-{rs)^{hi-r){h2-s), h-lH = e{h)lR 

for all ft, e _ff and r,s e R; 

• a linear map a : H ® H — > R. 

Definition 8. The crossed product algebra R=ff^H is R® H as vector space with multiplication 

(3.2) {r#^h)is#^g) = r(fti • s)a(ft2, .gi)#./i352 

And the following Theorem explains what is this new structure: 

Theorem 9. R^^H is a right H-comodule algebra, with unit Ifj^ff^ln and coaction //j ® A ij and only if 
the following relations are satisfied: 

(3.3) iH-r = r 

(3.4) [hi ■ {gi ■ r)]a{h2,g2) = cr{hi, gi)[{h2g2) ■ r] 

(3.5) cr{h,l) = a{l,h) ^ e{h)lR 

(3.6) [hi ■ (T{gi,li)]a{h2,g2l2) = <y{hi, gi)o-{h2g2,h)(^~^ (ha, g3,h) 

for all r £ R, h,g,l £ H. In this case we say that {R,-,a) form an H-crossed system and that a is a 
2-cocycle. 

Proof. It is obvious that Rfj^^H becomes an i/-comodule via Ir ® A. Let's check the colinearity of the 
multiplication: 

/'i?#„H((''#T'^)(s#£T5)) = Pfl#^ff('^('ll • S)cr(ft2,5l)#^/i352) 

= r{hi ■ s)a{h2, gi)#ahig2 ® ^4ff3 
= (r#„fti)(s#^.gi) Cg)/i252 
for any rf/=^h, sf^^g G Rf/=^H. Next, if the above conditions are fulfilled, then 
[(r#»(s#,.9)](<#,fc) = [r(fti.s)a(ft2,5i)#.M2](i#,fc) 

JSTll) = r{hi ■ s)cr{h2,gi)[{h3g2) ■t]a{h4g3,ki)#aih5g4)k2 

r{hi ■ s)cr{h2,gi)[{h3g2) ■ t]a{h4g3, ki)#^u;~'^ {h^, g4, k2)he(g5k3)(^{h7, ge, 

([23D ^ r{hi ■ s)[h2 ■ {gi • t)]cr(/l3, g2)o'(/l453, fcl)#<T'^~^(^5, 54, fc2)/i6(g5^3)w(ft7, 56, ^4) 

(221) = r{hi ■ s)[h2 ■ (51 ■t)][h3 ■ a{g2,ki)]a{h4,g3k2)#^h5{g4k3)uj{he,g5,k4) 

= r{hi ■ [s{gi ■ t)a{g2, ki)]}a{h2, g3k2)#alT'3{94k3)uj{h4, g5, k4) 
(Em = {r#^hi)[s{gi-t)aig2,ki)#^g3k2]uj{h2,g4,k3) 
mi = (r#>i)[(s#,ffi)(i#„fci)]c^(ft2,<?2,fe) 
for all rff^h, sfj^^g^tfj^^k G Rf^^H. Finally, we have 

(lfl.#,lff)(r#,/i) = lR{lH-r)a{lH,hi)'^,lHh2 

and 

(r#»(lfl#„lH) = r{hi-lR)a{h2,lH)'¥ah3lH 
(E31),(EII1) = rj^h 

so we obtain an algebra in the monoidal category of right iJ-comodules. Conversely, (l_R#o.l//)(r#^l//) — 
r^„lH gives 1h - r ^r. Also, (l_R#^lH)(lfl#ff/i) = ^nffah implies (7(1^, fti)#^ft2 = and applying 
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e on the second component gives us a{lH,h) = e{h). Similarly, ) = Iji^^h implies 

a{h, 1h) = e{h). For the last identity, write down the associativity of the crossed product algebra in the 
monoidal category of comodules, and compute the product in the two possible 

ways. At the end, apply e on the second tensorand. Finally, in order to obtain relation p.4|l . repeat this 
procedure for the product [(l;j#^/i)(lij#^5)](r#^lH). □ 

Remark 10. (1) If H is a bialgehra, then we recover the usual definition of the crossed product of an 
algebra by the bialgebra H . Therefore all known examples for the associative case fit in our picture. 

(2) // the cocycle a is trivial (i.e. a{h,g) — e{h)e{g)lii, for /i, 5 G H), then by relation hS. 6]) it follows 
that oj is also trivial. Hence H is a bialgebra and R is a left H-module algebra. The result is the 
usual smash product R^H. 

(3) For the trivial weak action (i.e. h ■ r — s{h)r, where h ^ H, r ^ R), relation {3.^^ implies Ima C 
Z{R) and by \3. 6^) we have 

(3.7) cr{gi,li)a{h,g2l2) = cr(/ii, 5i)ct(/i252, ?i)t^"^(/i3, 53, ^2) 
for all h,g,l € H. 

(4) If R = h, then the weak action must be trivial, according to iS.l]) and a is a twist on H. Hence by 
lis. 7| j it follows that H is a deformation of a bialgebra by the twist a. Therefore there are no crossed 
products of the base field by a nontrivial coquasi-bialgebra. 

Before ending this Section, we shall notice the following relation, which will be used later on: 

Proposition 11. If a is convolution invertible and the relations h3.1\) . \3."^) . I3.4\l , i3.5\] . i3. 6]} are satisfied, 
then 

(3.8) h ■ a^^{g,l) = cr(/ii, 5i/i)w(/i2, 52, ^2)ct~^(/J353, ^3)o-^^(/i4, 34) 
for all h, g,l G H . 

Proof. By (|3.ip . it follows that the map H ® H ® H — > _R, [h, g, I) — > h ■ a{g, I) is convolution invertible, 
with convolution inverse {h,g, I) — > h ■ a^^(g, I). As a is invertible, relation (j3.6p implies 

h ■ cr{g,l) = a-{hi, gi)a{h2g2ji)i^'^{h3, g3,l2)o-^^ {h4., g4h) 

But the map {h,g,l) — > cr(/ii, 5i)(t(/i2(72, ^i)w~^(ft3, ^3, ^2)o'~^(ft.4, 54Z3) is easily checked to be convolution 
invertible, with inverse {h,g,l) — > cr(/ii, (7i^i)w(/i2, ff2, ^2)o'~^(ft.3(73, Z3)cr~"'^(/i4, (74). By the uniqueness of the 
inverse of an element in the convolution algebra Hom{H ® H ® H^R) we get the desired formula. □ 

3.2. Examples of crossed products. We shall now provide some examples of crossed products by coquasi- 
bialgebras. 

(1) By Remark 10.(4), if we start with a bialgebra H and a twist t : H (E> H — > k, then we may form 
the crossed product k^^-i Hr of the base field by the deformed coquasi-bialgebra Hr, having as 
cocycle the convolution inverse of the twist. We apply now this construction to the group algebra of 
a finite group G, in particular to C2. It follows from 19J that all Cayley and Clifford algebras can 
be obtained in this way, as crossed products by some coquasi-bialgebras. 

(2) Take H a coquasi-bialgebra. Then H* is an associative algebra with multiplication given by (|2.9I) . 
The formula (|2.1ip defines a weak action of H on H*. It is easy to check that (13.11) holds. Define 
now a: H^H — > H*,hy a{h,g){k) ^ Lu-^{k,h, g)_Theii all the relations (|33|) . 
p.6p hold. We obtain thus the crossed product H*^g.H, which in Hopf algebra case reduces to the 
Heisenberg double. 

(3) The previous example can be generalized as follows: let be a coquasi-bialgebra and A a right 
iJ-comodule algebra. On the vector space Hom{H, A) we define the following multiplication: 

{(p ® 'ip){h) = ip{ip{h3)2h2)oip{h3)auj^'^ {ip{'ip{h3)2h2)i,tl^{h3)i, hi) 



8 



ADRIANA BALAN 



for all ^ Honi{H, A) and h E H. Then {H om{H , A) , ®) becomes an associative algebra with 
unit sIa'- 

{{(fi ®^)® X){h) = (ip® ^P){\{h3)2h2)aXih3)oUJ-'^{{ip ® ^/')(A(/i3)2/i2)i, A(/i3)i, hi) 

= [(y9(l/'(A(/l5)4ft.4)3(A(ft.5)3^3))oV'(A(^5)4^4)o]A(ft.5)o 

Cj"l(y3(?/;(A(/l5)4/l4)3(A(/l5)3/l3))2,l/'(A(/l5)4/i4)2, A(/l5)2^2) 
Cj"^((p(V'(A(/l5)4/l4)3(A(/l5)3/l3))i?/'(A(/l5)4^4)l, A(/l5)i, /li) 

(ESI) - b(V'(A(/t5)4/l4)4(A(/l5)3/l3))oV'(A(/i5)4/l4)o]A(/l5)o 

W~^(.^('0(A(/l5)4/l4)4(A(/l5)3/l3))i,-0(A(/l5)4/l4)l, A(/l5)i) 
[j"^((p(V'(A(/l5)4/l4)4(A(/l5)3/l3))2, l/'(A(^5)4/l4)2A(/l5)2, /ll) 
w"-^(V'(A(/l5)4/l4)3, A(/l5)3, h2) 

(123]) = ¥'(^(A(/l5)4/l4)3(A(/l5)3/l3))o[V'(A(/l5)4/i4)oA(/l5)o] 

Cj"-^((p(V'(A(/l5)4/l4)3(A(/l5)3/l3))i,-!/'(A(/l5)4/l4)lA(/l5)i, /li) 
'^~^(V'(A(/l5)4^4)2, A(/l5)2, ft-2) 
= ^'((V'® A)(/l3)2^2)o(V'® A)(/l3)o 

® X){h3)2h2)i, (V- ® A)(/i3)i, ^1) 
= (^® (V'® A))(/i) 

This algebra may be seen as a generalization of Doi's smash product ^{H,A) ([10]), where iJ is a 
Hopf algebra and A a comodule algebra. Consider now the maps 

cr{h,g){k) = uj^^{k,h,g)lA 

Then we may form the crossed product Hom{H, A)^^H. The particular case A = k reduces to 
the previous example. If is a co-Frobenius Hopf algebra, restricting the crossed product to the 
subalgebra (with local units) A^H*"""* C Hom{H,A), gives the isomorphism (A#i?*''°*)#if ~ 
M^(A), where M^{A) is the ring of matrices with rows and columns indexed by a basis of H, with 
only finitely many non-zero entries in A (|21|. Theorem 6.5.11). It remains an open question if such 
a duality result holds also for co-Frobenius coquasi-Hopf algebras. 
(4) Let be a finite dimensional quasi-bialgebra and {R,p,(j)p) a right ij-comodule algebra (that is, an 
associative algebra endowed with an algebra morphism p : R — > R (E) 9) and an invertible element 
0p G i? ® ^3 (g) ^3, satisfying some compatibility conditions), as it was defined in [T^ and [S]. Denote 
<j)~^ = Xp iSi Xp, summation understood. Then H = Sj* is a coquasi-bialgebra, and if we put 
a{(p,ip) = XpLp{x'j^)ip{x^), for (p, -ip & H, we obtain a cocycle as before. Taking also the weak action 
given hy if ■ r = rQip{ri), where we have denoted p{r) = vq (E> ri, r € R, we get the trivial example 
of a crossed product algebra = R^fSj*, namely the quasi-smash product, as it was defined 

in [10]. Conversely, if _ff is a coquasi-bialgebra and R an associative algebra endowed with a weak 
action • and a convolution invertible 2-cocycle a, which fulfill relations p.ip . p.3p . p.4p . p.6p . p.Sp . 

then H* is a quasi-bialgebra which coact weakly on R by p{r) = ^ • r (8) e\ where {ei)i=i^dimH 

1=1 

and (e')i=i^dim_f/ are dual bases for H, respectively for H* . If we denote by 0^ £ i? (8) H* 8) H* 
the invertible element (/'p(/i ® g) = cr^^(/i,g) (here we have used the vector space isomorphism 
R® H* 1^ H* ^ Hom{H ® H, R)), we obtain that i? is a right iJ*-comodule algebra. 

3.3. Crossed products viewed towards monoidal categories. Let be a coquasi-bialgebra and R an 
associative algebra, endowed with a weak action • and a linear map a, as in the beginning of the previous 
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Section. Remember that the category of left i/-comodules A4 is monoidal. Now, for each right i?-module 
M e AAji and left _ff-comodule V £ ^ M., we define ori M ®V the following structure: 

(m ® v)r = m{v-i ■ r) ® vq 

for any m G M , v E V , r ^ R. 

Proposition 12. (1) With the previous notations, AI >S)V is a right R-module if and only if the condi- 
tions iS. 1\) are fulfilled. 

(2) For M G Mr and V,W e ^ M, consider the map 

(M(g)V)(E)W — >M(E){V(E)W) 
(to O w) (X) ui > ma{v-i,W-i) (vq ® wq) 

Then 'i'M.v,w is right R-linear if and only \3.4\j holds. 

(3) Mr becomes a right ^ M.- category with the above structures if and only if Ii3.1\) . \3.S]) . {S.4\l , Ii3.6\] . 
E3j hold. 

Proof. Straightforward. Verifications are left to the reader. □ 

Hence we have obtained a categorical explanation for the conditions imposed on the weak action and on 
the cocycle a. 

We make the observation that a right action oi M.^ on rM. can be constructed similarly. We can go even 
further, by considering bicomodules instead of one-sided comodulcs. All we need is to change properly the 
category on which the action is considered. We start by noticing that R, with trivial coaction, can be viewed 
as an algebra in the monoidal category of right i?-comodules. Therefore we may consider the category of 
right i?-modules M.^ within this monoidal category (an object M is a right i?-module, right 7?-comodule 
with comodule map pMi"^) — '^o ® wi such that pj^.jijnr) = mor (3 toi, Vm G M , r G i?). Now, for each 
M G and V G , we define on M (8) F the following structures: 

(to (X) v)r = m(w_i ■ r) >S) vq 

p(m ®v) = mo (8) Wo ^ rniVi 

for any m€M,veV,r€R. Also, for M G and V,W e ^ , consider the map 

*M,v,iv : {M 'S>V)^W — > M iSi (V W) 

(m w) ® w — > ma{v-i,W-i) ® {vq ^ wo)u!{mi,vi,'Wi) 

As in the previous proposition, M^ becomes a right ^A^^-category with the above structures if and only 
if (|3.ip . (jS.Sp . (|3.4p . (|3.6p . (|3.5p hold. Again, this construction can be performed also for left i?- modules 
left _ff-comodules, obtaining a right action of ^ M.^ on ^M.. We can summarize all these in the following 
Theorem: 

Theorem 13. Let H be a coquasi-bialgebra and {R, •, a) an H-crossed system. Then we have the following: 

(1) A4r is a right ^ M- category; 

(2) rM is a right M^ -category: 

(3) M^ is a right ^ Ai^ -category; 

(4) rM is a right ^ -category. 

In all four cases, the action is given by the usual tensor product. 

As constructing a crossed system means giving an action of the monoidal category, we want to see what 
is happening if we change the monoidal category or the action. We shall treat only the case M.r is a. right 
^A1-category, but obvious similar arguments work for the other cases. First, consider an equivalence of 
monoidal categories. The easiest way to do this is using a twist r on H. Then from Remark ([3]) (left version) 
it follows that deforming the multiplication of H by conjugation gives us a new coquasi-bialgebra, having 
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category of comodules monoidal isomorphic with the starting category of comodules A4 ~ ^ A^. Via this 
isomorphism, we obtain an action of the deformed category of comodules over the category of i?-modules. 
Moreover, the crossed system is changed and it foUows that the resulting crossed product comodule algebra 
is precisely the image of the initial one via this monoidal category isomorphism (right version, as we deal 
with right comodule algebras). Explicitly, we have: 

Proposition 14. Let H be a quasi-bialgebra, r G (H ® H)* a twist on H and {R,-,a) a crossed system. 
Then: 

(1) There is a right action of^^Ai on M.r; 

(2) (i?, •,(TT^^) is a crossed Hr -system; 

(3) R^fl^crT-'-Hr ^ iRifaH)r-i. 

Proof. (1) Remember that the monoidal category isomorphism A^^^ ^ Ai is the identity on objects and 
morphisms, but with monoidal structure V iSiW — > V (8) W, v w — > vq (8) wot(w_i, v € V , w (z W 

and V, W G ^^A4. Then simply a transport of structures gives us the action, whose changes are reflected 
only in the reassociator's formula 

(M(E)V)(g)W — > M(E){V(E) W) 
(m (g) u) (g) w — > ma{vi,wi)T~^{v2,W2) {vo Wo) 

for M e Mr,, V,W e 

(2) It follows from the relations (I2.12|) . (j2.13l ) defining the multiplication and the reassociator of the 
deformed coquasi-bialgebra. Here we have denoted by aT~^ the convolution product. 

(3) It is enough to write down explicitly the multiplication formulas for both {R^„H)t—i and R^^t-iHt 
to conclude that they coincide. □ 

Now we want to change the action, by keeping both categories involved unchanged. Let H he a coquasi- 
bialgebra, {R, •, cr) a crossed 77-system and a : H — > R a convolution invertible map. Define 

(3.9) h-^r = a-\hi){h2 ■ r)a{h3) 

(3.10) (7a{h,g) = a"^(/ii)[/i2 ■ a"^(gi)]cr(/i3,g2)a(/i4ff3) 

for all h,g e H, r £ R. Then we can easily check that ([ST]), ([33), dM]), hold for and cja, 

therefore we have: 

Proposition 15. For any a : H — > R convolution invertible map, (i?, ■a,o'a) is again a crossed H-system. 

The resulting crossed product R^a-„H will be called a twist deformation of R^^H ■ As before, we expect 
to obtain a connection between these two structures. But we can say more in this case: first, the twist 
transformation of the crossed product is isomorphic to the initial one as left i?-modules right _ff-comodules 
and second, any such isomorphism is given by a twist transformation: 

Theorem 16. Let H be a coquasi-bialgebra and R an associative algebra. Consider on R two crossed 
systems [R, •i,cri) and {R, -2, 172). For any algebra isomorphism 9 : R^^_^H — > R=ff^^H left R-linear, right 
H-colinear, there is a convolution invertible map a : H — > R such that: 

(1) e{r#,^h)^ra{h,)-^,^h2; 

(2) h-2r = a-\hi){h2-ir)a{h3); 

(3) cr2{h,g) = a^^{hi)[h2 -i a"Hgi)]f7i(/i3, ff2)a(/i453)- 

Conversely, for each invertible map a : H — > R with properties (2) and (3), the map 9 given by (1) is an 
H-comodule algebra isomorphism which is left R-linear, right H-colinear. 



Proof. As in the Hopf case, see [52], Theorem 7.3.4. 



□ 
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3.4. Coquasi-Hopf modules. Let _ff be a coquasi-bialgebra and R an associative algebra, such that {R, •, a) 
is a crossed system. By the previous results, Ai^ is a right ■'^-category. But H is an algebra in ^ , 
thus we may consider right modules over H in the category Ai^. This means 

Definition 17. A right {R,H)-coquasi-Hopf module M is a right R-module, right H-comodule equipped with 
a map o : M ® H — > M , such that 

(3.11) pj^,j{moh) = rriQ o hi iS) mih2 (R-linearity) 

(3.12) {m o h)r = [m(hi-r)]oh2 (H-colinearity) 

(3.13) {moh)og = [mof7(ft.i,gi)] o (/i252)w(toi, ft.3,53) 

(3.14) m o Ifj — m 

for all m G M , h,g ^ H , r ^ R. The category of right coquasi-Hopf modules will be denoted {Ai^)H- 

Similarly, we may define the category of left coquasi-Hopf modules {^M)^ ^-s the category of right 
i/-modules within ^Ai- 

We shall see now the connection between the crossed product and the category defined above. We start 
with a lemma. 

Lemma 18. (1) There is a functor 

defined as follows: it is identity on morphisms, and for each {AI, pj^.j) G {M.^)h ■ we take F{M) — M , 
with structure maps 

m * (r^^h) = (mr) o h 

where m G M, r G i?, h ^ H . 
(2) We have a functor 

which acts as identity on morphisms, and for each [Ad^pj^j) G -^^^ we put G{M) — M, with 
structure maps 

mr — m ^ [rff^^ln) 
m o h = m ^ {ln^^h) 
where m G M , r R, h £ H . 

Proof. It is easy to check that the above formulas define indeed two functors. □ 

Theorem 19. The category of right coquasi-Hopf modules {A4^)h is isomorphic to the category of right 
(H, R#^H)-Hopf modules M^^^^. 

Proof. It follows from the previous lemma. One has only to check that the above correspondences are inverse 
to each other, which is almost immediate. □ 

Remark 20. (1) In [7j, Corollary 3.6 states the following: 

Let B a strict monoidal category, C a monoidal category, R a coflat algebra in B, {Br, 0) a right 
C-category compatible with its natural B-category structure, A an algebra in C such that the functor 

A()— : Br > Br preserves coequalizers. Then R()A is a R-ring in B and we have a category 

equivalence (Br) a — Broa- 

Notice that if we relax the condition that B is strict ( as any monoidal category is equivalent to a 
strict one, by [23j j. and take the particular case B = M" , C = "M" , A = H, then we get exactly 
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our crossed product R()A = R^^H as an algebra in , and recover the category isomorphism 
iM^)H ^ -^^^^H «^ Theoremm 
(2) In [10 j, a similar notion of Hopf module was defined, but for Sj a finite dimensional quasi-Hopf 
algebra, and R a right f)-comodule algebra, as in Section 3.2, example (4). Then the category of 
[f), R)-bimodules ^^AAr is a right category over the monoidal category (with tensor product over the 
base field) of Sj-bimodules ^Msj. As is a coalgebra in the category of two sided Hopf 

modules f,A1^ was defined as having the objects the right Sj-comodules in this category and the 
morphisms the left 9j-linear, right R-linear, right 9j-colinear maps. Moreover, it was proved that 
there is an isomorphism of categories sjAl^ — (where R^f'Sj* is the quasi-smash product 

mentioned also in Example (4) from Section 3.2). Now, take H=Sj*, as in the mentioned example. 
Then the acting monoidal category is the same ^Aisy = ^ , the right ^^Ai^- category is the same 
f^M-R = M.R and the resulting categories are isomorphic, as they are both isomorphic to Ai^^ ^. 

We do not write down explicitly this isomorphism, as it implies some very complicated notations not 
needed in this paper, but only remark that this isomorphism is preserving the R-module structure, 
the Sj-module structure being modified by S"^ . Hence we cannot say that this category isomorphism 
is induced by a duality between the coalgebra Sj and the algebra H in the category s)Aisj (notice that 
the right dual of H -which is as vector space- inherits a coalgebra structure within this monoidal 
category, with comultiplication Ar{h) = {S~^(S)S~^){f)A'^°P{h)f'-~-^''^^, where f & ® fi is the twist 
introduced by Drinfeld in [24 . The counit is e, while the bimodule structure of the dual is given by 

h-^g^gSih) g S^^{h)g 

for g,h d Sj, and 

db : k — >S)*(E)9) db{l)^ ^ z* (g> S-^{a)e,P 

1—1. dim 

ev : ^(8)Sj* — >k ev{h (g) h*) ^ h* {S^\f3)ha) 

are the rigidity morphisms, with (ei)i=i^dim and (e*)i=i_dim^ dual bases for 9), respectively 9)*). R 
would be interesting to find a categorical explanation of this isomorphism of categories. Moreover, 
remark that an advantage of the formulas used in the present paper is their naturality, compared with 
the ones in [10] , and they do not involve any hard computations. 

From now on we consider H a coquasi-Hopf algebra and (i?, •, tr) a crossed system. Let M a right coquasi- 
Hopf module and denote by M'^°^ the subspace of coinvariants, namely M'^°^ = {m £ M \p{m) = !_?/}■ 
Consider also the map 11 : M — > M, n(m) = mo o S{mi ^ f3). This map enjoys the following properties: 

Proposition 21. Under the above assumptions, we have the following: 

(1) n2 = n; 

(2) pA^n(m) = TO ® 1h; 

(3) n(m)r = n(mo(5(TOi) • r)), for any m £ AI , r & R. 
Proof (1) Take me M. Then 

U^{m) = n(TOo o S{mi ^ /?)) 

= [mo o /3(m3)5(TO6)] o f3{mxS{m<^))S{m2S{m4)) 

= mo o (3{m2)S{m4)P{miS{m3)) 

= mo o p{mi)S{m2) 

= U{m) 



proving that 11 is a projection. 
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(3) We compute 



pU{m) — p{mQ o f3{mi)S{m2)) 

= mo o /3(m2)S'(m4) ® TOi5(m3) 

= nioo (3 {mij 8(1712) ®Ih 

= n(m) ® Ih 



Ti{m)r = (mo o p(mi)S{m2))r 

= [mo{S (1713) ■r)]o S (1712) f3{mi) 
= n(rno('5'(mi) • r)) 



for any m ^ M and r ^ R. 



□ 



Corollary 22. M 



coH 



U(M). 



Proof. If m G M'^° , then by the defining formula for 11 we have n(m) = m. The converse results from 
Proposition mi (2). □ 



Let M a right coquasi-Hopf module. By Theorem 19, M has a natural structure of i?#^iJ)-Hopf 

module and from (2.20) it follows that Af^°^ inherits a structure of right module over {R^^HY°^ = 
Rj^klH ^ R. 

Corollary 23. We have thus obtained a functor (-)'=o-f^ ; (^M^)h — » Mr. 

For any i?- module iV, we may consider on N >SiH the structure of a coquasi-Hopf module, by the following 
formulas: 

(n (8) h)r = n(hx • r) (g) /12 
p{n ®h) = n®hi®h2 
{n®h)og = na{hi,gi) ®h2g2 

Theorem 24. Let H he a coquasi-Hopf algebra and {R, •,(t) a crossed system with invertible cocycle. Then 
the functors — ® H , (— )'^°^ define a pair of inverse equivalences Mr ^ {M^)h ■ 



Proof. For M a coquasi-Hopf module, define the map Em ■ M'^°^ ® H — > M, eM{rn(E)h) = moh. Then em 
is a morphism in {M^)h, and it is natural in M. We need an inverse for sm- Define xm ■ M — > M"^"^ ® H , 
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by xjififn) — Il{niQ(T ^{S{mi), m2 ^ a)) (8) m^. Then for m G M'^°^ , ft, e we have: 

XMSMim^h) = KMimoh) 

= n((rno ° ^i)o'"^(S'(mift2), ("12^3) ^ ")) (g) 7713/14 

= n((777 ofti)a-i(5(/72),/i3^a))®/74 

= [(m o fti)oo-""^(5'(/72), ft-s ^ a)] o /3((77i o /ii)i)S'((7rt o hi)2) (g /14 

= [(777 o fti)(7-l(5(/74), fte)] o /3(/72)^(/l3)a(/75) ® /^T 

= {[777(/7i • a-\S{h^), hj))] o /72} o l3{h^)S{hi)a{hf,) ® hs 

= [777(/7i • a~\S{h,), hn))<j{h2, S{hs))] o {h3S{hr))p{h5)a{hioMl, h^, S{he)) <g /112 
= 777(fti • (J-\Sih5), hr))a{h2, S{hi))f3{h3)a{he) ® hs 

dS^Hl) 77lcr(fti,S'(/l7)ft9)tj(ft2,5'(/76),^10)'7"^(/l35'(ft5),/lll)/3(^4)a(/l8)®^12 

= muj{hi,S{hz),h^)l3{h2)a{hi) ®hti 

= 777 (g) e(fti)ft,2 

= m®h 

Conversely, for each m Cz M, we compute 

SMXMim) = n(777oo-"-^(S'(7ni), 7772 ^ a)) o 7713 

= {[7r7oO-"-^(S'(77l3), 0(7774)7775)] O /3(777l)S'(7772)} O TTlg 
(|3.13P = [77lo(T"^(S'(7776), a(m.7)7778)cr(S'(7775), 7779)] O /3(7n2 ) (S'(rr74 ) 777lo )w(7ni , 5(7773) , 777ll ) 

= 7770 o a(rra5)/3(7n2)(S'(rr74)7776)a;(777i, £'(7773), 7777) 

= r)7,oQ!(7774)/3(7772)Ci;(777l, S'(77l3), 7r75) 

= r)7,oe(7r7i) 
— m 

Next, for any right i?-niodule N, define un ■ N — > {N (g H^"^ , by UNin) = n g) 1h- It is easy to see 
that TtAT is well defined, i?-linear and natural in N. As in the Hopf case, we take vn : (N g) Hy°^ — > N, 
''^NiJ2i ® ^i) ~ Si n-i^ihi). Then upf and vn are inverses to each other. 

We still need to check that ei\i and tijv make F and G a pair of adjoint factors. 

£ni»h{un ® lH)C^ni ® hi) = y^^Uj g) Ih) o hj 

i i 

= y^77,Cr(lH,/7il) g) /7,2 

= 77i g) 

and 

SMUM'^oH (777) = TO O 1^ TO 

Therefore, we have obtained the equivalence between the two categories. □ 

If we compose the previous equivalence with the isomorphism from Theorem 1191 we obtain exactly the 
adjunction between the induced and the coinvariant functor from [IJ. Therefore, if the coquasi-bialgebra 
admits an antipode and the comodule algebra is a crossed productwith invertible cocycle, the two above 
categories are equivalent. We shall see in Section l4?2l whv is this happening. 
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4. Cleft extensions for coquasi-Hopf algebras 

4.1. Cleft extensions from the Morita theory point of view. One of the main results in the theory 
of Hopf algebras is the equivalent characterization of cleft extensions as crossed product algebras with 
invertible cocycle (cf [4], [6]). In order to derive such a characterization for coquasi-Hopf algebras, we need 
an appropriate definition of a cleft extension. 

Let H he a coquasi-Hopf algebra and A a right iJ-comodule algebra. Denote B — A'^°^ . We recall from 
[T] the following definition: 

Definition 25. Let A a right H-comodule algebra and 7 : H — > A a colinear map. The extension B C_ A 
is cleft with respect to the cleaving map 7 if there is a linear map S : H — > A such that 

(4.1) pSih) = 5{h2) (S) Sihi) 

(4.2) S{hi)-/{h2) = a{h)U 

(4.3) j{hi)(3{h2)S{h3) = e{h)lA 

In this case, we call the pair (7, S) a cleaving system for the extension B C A. 

Remarlc 26. (1) This definition of deftness is slightly different from the classical one, where it is only 
required that 7 is convolution invertible (denote by S the convolution inverse of ^) and H -colinear. 
The property J^.Jp appears naturally by passing from a bialgebra to a Hopf algebra. Unfortunately, 
in our case the convolution product on Hom{H, A) is no longer associative, therefore a left inverse 
for 7 is not necessarily a right inverse and the property (^TTj) does not seem to result from the other 
properties of ^ . So we had to state it separately. 
(2) For a cleft comodule algebra A, the application 5 and relations {4.2^ , j-j.S^ depend on the antipode, 
again unlike the classical case. But if we change the antipode and the linear maps a, (3 to {S',a',P ) 
as in i2.8\) and define S'{h) = U{hi)5{h2), then it follows immediately that A is also H-cleft, but 
with respect to the new antipode. In the sequel, we shall suppose the antipode and the elements a, (3 
fixed once for all. 

In [IJ, the above conditions imposed on the cleaving map 7 were stated without further explanations, the 
only motivation being the equivalence with Galois extensions with normal basis property. We shall see now 
that the relations (|4.ip - (|4.3p come from a Morita context and that this is the reason for their non-symmetry. 
The following construction was inspired from [TT , where the coring case was treated. 

First of all, notice that if C is a k-linear monoidal category, {A,^a,ua) an algebra and (C, Ac,£c) a 
coalgebra in this monoidal category, then Home {C, A) becomes an associative k-algebra, with multiplication 
ip ^ tp = p,j^{(p (g) tp)Ac and unit ua£c- Take now C = the category of comodules over a coquasi-Hopf 
algebra and A a right 7?-comodule algebra. We also need a coalgebra in this monoidal category. In pTTj . 
the authors deformed the comultiplication on H in order to obtain a left i/-comodule coalgebra (actually, 
they showed that for any coalgebra C with coalgebra map C — > H , there is a structure of left 7?-comodule 
coalgebra on C). Repeating their argument, but for H°P'''"p this time, we obtain that is a coalgebra in 
, with the following structures: right adjoint coaction p{h) = h2® S{hi)h3, comultiphcation 

A{h) ^h3® hgUj{S{h2)hi, S{hs), hi^)l3{h^)0J-\S{hi), /15, S{hj)) 

and counit £{h) — a{h), for any h ^ H. We shall denote by H this new structure. Hence Hom^ {H, A) 
becomes an associative algebra, with multiplication and unit as described above. As B ^ j^coH jg 
associative algebra, Hom{H, B) will also be with the usual convolution product. We have the two rings for 
the Morita context, we need the connecting bimodules. One of them will be Hom^ {H, A), where iJ is a 
comodule via A, and the other Hom^ [H^ ,A). Here we have denoted by H^ the comodule structure of H 
twisted by the antipode, namely h — > /i2 ® S{hi). 
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Lemma 27. Horn^{H,A) becomes a {Hoin[H, B), Hom^ {H , A))-bimodule with the following structures: 

(4.4) ixp){h) = r(/ii)p(/i2) 

(4.5) (ps)(/i) = p{hi)sih5)P{h3)Ljih2,Sihi),he) 

for he H, p e Hom"{H, A), 5 e Hom"(H, A) and r G Hom{H, B). 

Proof. It is easy to see that the formula (|4.4p defines a structure of H om{H , ByxnodvAe on Hom^ {H, A). 
We need now to verify that ps is i7-cohnear, for any s G Hom^ {H, A) and p G Hom^ {H, A): 

{ps){h)o ® (p5)(/i)i ^ p{hi)os{h5)o ®p{hi)is{h^)if3{hz)uj{h2, S{h4), he) 

= p{hi)5{hT) h2{S{he)hs)P(h4)uj{h3, Sih^), hg) 

(EH), (EH) = p{hi)s{h5)(S>hrf3{h3)uj{h2,S{h4),h6) 

= (ps)(/li) (g) 

For any s,5 G Hom^{H, A), p £ Hom^{H, A) and h £ H, wc compute that 

(P(S*S))(/1) = p(/ii)(s*s)(/l5)/3(/l3)^(/l2,^(/^4),/i6) 

= p(/ll)(s(ft7)s(/il3))c^(5(/j6)/l8, ^(/112), /ll4)/3(/»10)^"'(5(/l5), /19, S{hn)) 
/3(/l3)cj(ft,2, 'S'(/l4), ^15) 

(EH) = {p{hi)s{hgMh4r)uj-\h2, S{hs)h4o, S{hie)hi8MS{h7)hn,S{h45), /iig) 

(3{h,3)iO-\S{he), h,2,S{h,4))f3(h4Mh3, S{h5),h2o) 

(ESI, (ESI) = {p{hi)5{hs))s{hie)io-\h2, S{hj)hQ, S{hi5)hn)u;-\S{he),hio, S{hi4)his) 
P{hi2)uj{hii,S{hi3), hig)l3(hi)uj{h3, SQi^), ft,2o) 

(EH), (EH, (EH) = (p(/ii)5(/lii))s(/li8)co(/l2, 5(/il0), h42)u-\h3S{hg), /I13, 5(/li7)/il9) 
W"^(/l4, 5(/l8), ft.2l)/3(/ll5)w(/ll4, 5'(/ll6), h2o)l3{hQ)ui{h^, S{hj), /l22) 
(EH) = (p(/ll)s(/l5))s(/llo)w(/l2,^(/l4),/i6)^(/l7,^(/l9),/ill)/3(/l3)/3(/l8) 

= ((ps)s)(/i) 

and (pa)(/i) = p(/ii)a(/i5)/3(/i3)cj(/i2, S'(/i4), /le) = p(/i). Hence iJom-^ (iJ, A) is a right ifom-^(!ff , yl)-module, 
and it is easy to check now the compatibihty between the two module structures. □ 

Lemma 28. Hom^ {H^ , A) becomes a {Hom^ (H , A), Hom{H, B))-bimodule with the following structures: 

(4.6) (sq)(/i) = 5{h2)qihe)f3ihi)co~\S{hi),h3,Sih5)) 

(4.7) {qx){h) = q{h,)x{h2) 

for he H, qe Hom"{H^, A), s e Hom"{H, A) and r G Hom{H, B). 

Proof. As in the previous Lemma, the only difficult part to check is the left Hom^ (H, A)-module structure. 
For this, let h e H, q e Hom"{H^, A), s e Hom"{H, A) and compute 

(sq)o(/i) ® (sq)o(M s(/i2)oq(/i6)o ® 5(^2)oq(/i6)o/3(/i4)w~^(S'(/ii), /13, ^'(/is)) 
= s{h3)q{hg) ® {S{h2)hi)S{h8)(}{he)uj-\S{h4), h5, Sihj)) 
(EH, (EH) = s{h3)q{hr)^S{hi)p{h5)u;-\S{h2),h4,S{he)) 
= {Bq)(h2) <E> S{h,) 

Therefore the action of Hom^{H,A) on q e Hom^ {H^ , A) is well defined. Take now s,s G Hom^{H,A), 
q e Hom"{H^, A) and heH. Then 

{{s*B)q){h) = {s*s){h2)q{he)l3{h4p'HS{h,),h3,S{h5)) 
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= (S(/I4)s(/Il0))q(/Il5 V(^(/i3)/^5, ^(/ig), /ill)/?(/l7)^"'(^(/^2), /ie, S{hs))P{hi3) 
C^-l(5(/li),/li2,5(/li4)) 

mi - 5{h5){B{hMh2o)MS{h4)K, S{h,2)hu, S{h,<,)MS{h3)hr, S{hn), h,^) 
(3{h,)i,-\S{h2), hs,SM)(3{h„)uj-\S{h,),hie,S{h,s)) 

(1231), (EH), (EH) = s(/i5)(s(/il2)q(/l22) /ll3, 5(/l2l)V(5(/i4)/l6, 5(/iio), /ll4^(ft2o)) 

P{hsMS{h2), hi5, S{his))p{hi7)u;~\S{h3),hr, S{h,))uj-\S{hi), /iie, ^(/iis)) 
(EH) = s{h2)i5{hr)q{hn))u;'\S{he), hg, S{hio j)Pih4)uj-\S{h^), h^, S{h5))f3{hg) 
= s{h2){sq){he))f3{hi)uj-\S{h,), hs, S{h5)) 
= (s(Bq))(/i) 

From (|2Jl) it follows that {sa){h) = s{h), hence Hom"{H^, A) is a left Hom"(H, A)-niodule. □ 

Proposition 29. We have a Morita context 

M{A) ^ {Hom"(H, A), Hom{H, B),Hom"{H, A), Hom"{H'^, A), (-, -), -]) 
with connecting morphisms 

{-,-) : Hom"{H, A) ®Hom»(H,A) Hom"{H'^, A) ^ Hom{H, B) 

(4.8) {p,q){h) = p{h,)P{h2)q{h,) 

[-,-] : Hom"{H'^, A) ®Horn{H.B) Hom"{H, A) Hom"(H, A) 

(4.9) [q,p]{h) = q{hi)p(h2) 

Proof. It is not difficult to see that (p, q) G Hom{H, B), [q, p] G Hom"(H, A), [-, -] is Hom{H, S)-balanced 
and (— , — ) is Hom{H, B) bilinear. All the remaining verifications involve the algebra Hom^ {H, A), and we 
shall do them in detail, for the convenience of the reader. 
We show first that (— , — ) is iJom^ yl)-balanced: 

ipB,q)ih) - (pB)(/ii)/3(/i2)q(/i3) 

= {pihi)5ih^))qihs)^ih3Mh2, Sihi), he)Pihr) 

(EH) = p{h,)i5{hr)q{hi2)Mh2,S{he)hs, S{h^i))l3{hA)oj{h^, Sih^), hg)f3{hio) 

(EH), (EH), (EH = p{hiKs{h4)q{hs))P{h2)oj-\S{h3),h5,S{h7))f3{h6) 

= p{hi)P{h2){sq){hs) 

= (P,sq)(/i) 

Next, we check the iJom^ (i7, A)-bilinearity of [— , — ]: 

[sq,p]{h) = (sq)(/ii)p(/i2) 

= is{h2)qihe))p{hj)f]{hi)Lu-\Sih,), h3, Sih^)) 

EH) = 5{h3)iq{hQ)pihio)MSih2)hi, Sihs), h^i)(3{hQ)u-\S{h^), /i5, S(hj)) 

= s(/i3)[q, p]{hr>)uo{S{h2)hi, S{hs),hio)l3{h(>P~HS{hi), /15, S{hr)) 

= (s[q,p])(M 
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and 

q(/ii)(ps)(/i2) 

q{hi){p{h2)5{he))P{hiMh3, S{h5), hj) 

[q{h2Uh:,))s{h^)u-\S[h^), S{h^)Ko)(i{K)Lo{h^, Sihj), /in) 
(q(/i3)p(/i4))5(/iio)a;(S(/i2)/i5, S{hg), hn)f3(h7)i^-HS{h,), /ig, S{hs)) 
[q, p](h3)s{hg)u{S{h2)h4, S{hs), hio)l3{he)^~HS{hi), h^, S{hr)) 

([q,p]s)(M 

for any s E Hoin^{H, A), p G Hom^{H, A), q e Hom^ (H^ , A) and h e H. Finally, wc compute 

{{p,q)p){h) = (p,q)(/ii)p(/^2) 

= ip{h,)q{h3))pihi)(3ih2) 

(I23D = p{hi){q{h5)p{he))Lu{h2,S{hi),h7)(3{h3) 

= p(/ii)[q,p](/i5V(/i2,^(/^4),/'^6)/3(/i3) 

= (p[q,p])W 

and 

{[q,p]q){h) = [q,p]{h2)q{he)(3{h,)u;-\S{hi),h3,S{h5)) 

= {q{h2)p{h3mhr)P{h5)Lo-\S{h,),hi, S{he)) 
(EH) = q{h3){p{h4)q{hio)MS{h2),h5,S{hg))p{hr)uj-\S{hi),he,S{hs)) 

- q(/ii)(p(/i2)q(/i4))/3(/i3) 

= q(/Ji)(p,q)(/»2) 

- (q(p,q))W 

where p,p £ Hom^{H,A), q,q £ Hom^{H^ ,A) and h e H. □ 

Remark 30. We s/iaH denote by b-M^ the category of left B-modules, right H -comodules {M,pj^) such 
that pi^.[{bm) = bmo Cx) mi for all b ^ B, m M. The morphisms are the left B -linear, right H-colinear 
maps. Two objects in this category are A and B ® H with obvious structures. Then can be seen as a 

category of entwined modules, with trivial left-right entwining structure. Therefore B°p ® H is a 3°"^ -coring, 
and bM.^ is precisely the category of right comodules over this coring. We shall use in the proof of the next 
theorem the Lemma 3. 5 from , applied to our situation. 

We are now able to see the relationship between the above Morita context and cleft extensions. The 
following theorem is the coquasi-Hopf version of Theorem 3.6 from 111]: 

Theorem 31. Let H a coquasi-Hopf algebra and A a right H-comodule algebra. Then: 

(1) The map [, ] is surjective if and only if B A is Galois and there is an nonnegative integer n such 
that A is a direct summand in {B ® H)^ as left B-module, right H-comodule. 

(2) The Morita context is strict if and only if B Q A is Galois and there are nonnegative integers n, n 
such that A is a direct summand in {B®H)^ and B®H is direct summand in A" as left B-modules, 
right H-comodules. 

(3) If B <Z A is cleft, then the above Morita context is strict. 

Proof. (1) If [, ] is surjective, choose pi £ Hom^ [H, A), q^ £ Hom^ {H^ , A), for i £ / a finite index set such 
that J2ieA^^'Pi\ = "^l^- "T^^*^ ^^'^ TT : ^ (g) — > A ®b A, T(a h) ^ J2iei ^^^(^^) Pj(^2)- We 



(E31),(E11) = 
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claim that T is the inverse of can. Indeed, for any a £ A and h d H, we have 

can(^aqi{hi) (giB pi{h2)) = ^[aoqi(^i)o]pj(^2)o » Pi(^2)4 



iei 



(p,; e Horn" {H, A), q, e Hom"{H^,A)) 
(I23Hl),(p, e Horn" {H, A), q, G Hom"{H^,A)) 

i6/ 



uj ^(aiq,(/ii)i,p,(/i2)i,/3(p,(/i2)2)5'(p,(/i2)3)) 

Xl[«oq»(^2)]p»(^3) «'/l7W'^(aiS'(/li),/l4,/3(/l5)5(/l6)) 



= ^ ao[qi(/i3)pi(/i4)] /i9w(ai, 5'(ft2), ^5) 



cc>-i(a2^(/ii),/i6,/3(/^7)5(/^8)) 
aoa(/i3) ® hsuj{ai, S{h2), h^) 



u;-\a2S{hi),h5,l3ihe)S{h7)) 

^ ao ® hi2Uj^^{ai, S{h3)a{h4)h5, S{hii)) 



u;-\Sih2),he, S{hio)Ma2,S{hi),hrPihs)S{hg)) 



(EH), (ESI, (EH) 

On the other hand, for any a,b £ A, 

Tcan{a(^B b) = T(ao6o ® &4^^"^(ai, ^1/3(62), S{b3))) 

= (^B p^{b5)LO-'^{al,bl(3{b2), 5(63)) 



(EIHl),(q. e i/om^(iJ^,A)) =^ao[6oq»(&6)] ®b p.,(M^(ai, 5i, ^(65)^-^(02, 62/3(&3), 

= a[boq,{b2)] (E>B p»(63)/3(^^i) 



But for any b € A, 



(4.10) 



PACYbof3{bMb2)) = Yboq^{b3)o<»bl(3{b2)q^{b3)i 
iei iei 

{q,eHom"{H'',A)) = ^ 6oq.(M ® ^2)5(63) 

iei 

(EH) - 5Z Wi)q.(^2)«>iff 



iG/ 



from where it follows that 
(4.11) 



Tcan{a®Bb) = ^ a[&oq»(&2)] ®s p.i(&3)/3(6i) 
iei 

= ^ a ®s [boqt{b2)]pt{b3)(3{bi) 
iei 

(EUl), (p, e Hom"{H, A), q, e Hom"{H^, A)) = ^ a ®s 6o[q»(63)p«(64)]/3(6i)^(&i, ^(^2), 65) 

iei 

{Y^[^i,Pi\=alA) = a®Bboa{b3)f3{bi)uj{bi,S{b2),b4) 



iei 
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Hence the extension is Galois. 

We want now to prove the second statement. Consider the foUowing maps, for every i G I: 

(4.12) : A — >B®H, C,^{a) = ^ao^3{al)^^{a2)®a3 

(4.13) : B®H — >A, £.,{h ® h) ^ hp^{h) 

The maps C,; are well defined from ()4.10p . left S-linear and right iJ-colinear, as it can be easily checked. 
Also are left _B-linear and right iJ-colinear and Yliei ^ii'^ii^^)) = SiG/['^o/'('^i)l«('^2)]pi(a3) = a, after a 
similar computation as in (|4.1ip . It follows from Remark [3D] that A is a direct summand in {B (3 if)" as left 
_B-module, right _ff-comodule, where n is the cardinal of the index set /. 

Conversely, if A is a direct summand in [B ® H)^ then again by Remark 1301 there exist some morphisms 
Ci e Homg{A, B ® H), G Hom^{B (g) H,A), i € I with / a finite index set, |/| = n, such that 
T,^eI^^C^ = ^A- Define then 

(4.14) p, : H^A, p,{h)^UU®h) 

(4.15) q, : H — > A, c\,{h) = {Ia ®b {Ib ® e)){lA ®b C,r)can-^ {Ia ® h) 

It is immediate that pi e Hom^ {H, A), Mi e /. In order to show that e Hom^ {H^ , A), we start by 
recalling from [1, the notation can~^{lA <iS h) — J^j hi^) ®b fjih) and the following properties: 



(4.16) 


'^lj{h)a (E)B rj{h) (E)lj{h)i 

3 


j 


) ®s rj{h2) 


®S{hi) 


(4.17) 


lj{hi) (^B rj{hi) (g) /i2 

j 


3 


•S^B rj{h)o ($ 




(4.18) 


j 


= a{h)lA 






(4.19) 


^alj{h) (g)Brj{h) 
j 


= can^^{a( 






(4.20) 


ao (g) P{ai)a2 


= can{lA (g 


)b a) 





for any h € H , a ^ A. Using the identification B ~ A, we may write qi{h) = J^j lj{h){lB ® £)Cj('"i(^)) 

and the i/-colinearity of q^ follows from (|4.16p . 
We compute now, for h G H 

i i 

= Y.^jihi)ilB®e)C,ir,{h,))UU^h2) 
^ ' ^ ' 

£B 

- Y.^3ihi)UilB®e)ar,{h,))^h2) 

id 

m = Y.^3{h)MlB®e®lH){Ur3{h)o)®ro{h)i)] 
= E h ®e®lH){lB® A)C, {tj {h))] 
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= J2l,{h)r,{h)^aih)lA 

j 

This proves the surjectivity of [, ]. 

(2) Suppose that the Morita context is strict. By (1), we have only to show that B(E)H is direct summand 
in A" for some integer n. In order to do this, we repeat the arguments from (1), but now for the Morita 
map (,). Therefore we may find S Hom^ {H,A), S Hom^ {H^ , A), for z G / a finite index set such 
that J2i{Pi^^i) = We define Ci £ Hom'j^{A,B (g) H), G Hom%[B ® H,A) by similar formulas to 
(|4.12|) - (|4.13|) . but with pj, instead of pi, qi . The linearity and colinearity of them follow easily. Then we 
find that, for any b £ B and /i £ we have 

iei iei 

i 

= b®h 

As in (1), it follows that B ® H \s direct summand in A" for n = |/|. 

For the converse statement, again by (1) we need only to check the surjectivity of the Morita map (,). 
Similar to (1), from the fact that B®H \s direct summand in A", it follows the existence of a finite index set 
/ with |/| = 71 and of two families of morphisms Cj G Hom^{A, B ® H), e Hom'^{B ® H,A), i £ I such 
that Y.i Cifi = Ib®Ih- Again use formulas ((4T4l) - ([4T5l) to define p^ e Hom"{H, A), e Hom"{H^ ,A) 
by means of Ci and ^j. Then 

Y.^KA^)^h) = Ep»(/^i)/3(^2)q,(/i3) 

i i 

= Y.Uhi)P{h2Mh3){lB®e)Ur,{h)) 

But relation (|4.19p implies 

J2piihi)f3{h2)lj{h3)®Brj{h3) = Y,can-\p^{hi) f3{h2)h3) 

= lA®Bp^{h) 

where the last equality uses the fact that pj are iJ-colinear, Vi G /. Therefore 

i i 
i 

= e{h)lA 

and the surjectivity of (, ) follows from its i7o7Ti(i/, _B)-bilinearity. 

(3) Suppose B C A is cleft with maps 6 : H — > A, where 7 G Hom^ {H, A). But (|4.ip implies that 
S G Hom^ {H^ , A), while properties (|4.2p - (|4.3p are equivalent to [5,7] — alA, respectively to (7,(5) — eIa- 
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Therefore the cleaving maps are sent by the Morita morphisms (|4.8p . (|4.9p to the unit elements of the 
corresponding algebras in the Morita context. It follows that the Morita context is strict. □ 

Remark 32. (1) Notice that in the Hopf algebra case, all algebras and bimodules involved in the above 
Morita context are included in Hom{H,A), and all structure maps and connecting homomorphisms 
are precisely the convolution product. This was observed in |25j for the coring case, but it remains 
true for coquasi-Hopf algebras. We can say even more in this case. There is a second Morita context 
that we may build generalizing Doi's construction i^|20| ). We plan to investigate the relationship 
between these two Morita contexts in a forthcoming paper. 
(2) The Morita context which inspired us (Y25\) has a very natural conceptual meaning, it is simply given 
by the natural transformations of two functors between comodule categories over some corings. It is 
unclear for the moment how this should be applied to the present situation, mainly because A® H is 
no longer an A-coring in the usual sense, as A is not an associative algebra. 

4.2. Crossed products are the same as cleft extensions by a coquasi-Hopf algebra. Recall that in 
[1], the notion of a Galois extension for a coquasi-Hopf algebra was introduced, and it was also proven 
the equivalence between cleft extensions and Galois extensions with the normal basis property, under 
the additional hypothesis of the bijectivity of the antipode. This is a generalization of a well-known 
result for Hopf algebras. Also, in the Hopf algebra theory, cleft extensions of Hopf algebras can be 
characterized as crossed products with invertible cocycle by Hopf algebras. We shall see that this iden- 
tification remains true for the coquasi-Hopf algebras: 

Theorem 33. Let H a coquasi-Hopf algebra, A a right H -comodule algebra and B = A''"^ the subalgebra 
of coinvariants. The following statements are equivalent: 

(1) The extension B C_ A is cleft; 

(2) There exist an invertible cocycle a and a weak action of H on B such that A is isomorphic as left 
B -module, right H-comodule algebra with the crossed product B=ff^H. 

Proof. (1) (2) In Ij, an isomorphism v : B®H — > A, left B-linear and right i/-colinear was constructed 
by the formulas 

(4.21) v{b®h) = b-i{h) 

(4.22) i^'^{a) = a^6{ai ^ P) ® 02 

Via this isomorphism, B ® H becomes an algebra in A^^, with multiplication 

{b®h)@{c®g)^ v^^{v{b ® h)v{c ® g)) 

and unit v^^{\a). But relations (|4.2p . (|4.3p imply ^{1h) G B and invertible in B, hence we may assume 
7(liy) = 1a (if not, replace 7 by ^{h) — j{h)j{lH)~^ and S by S{h) = 7(ljy)5(/i)). It implies l'^^{1a) = 
1a ® 1h and ^{b ® 1h) ~ b,yb ^ B. Now the rest of the proof follows as in [26". Define 

h-b = {Ib ®e)i^^'^{u{lA®h)i^{b®lH)) 
a{h,g) = {lB®e)iy~\v{lA®h)iy{lii®g)) 

for any h,g e H, b e B. Then 

hi-b®h2 = {lB®e)v^'^{v{lA®hi)v{b®lH))®h2 

= {Ib ®e®lH){v^^ ®Ih){v{1a ® hi)v{b®lH) ® /12) 
(z^ is colinear) = [Ib ® e ® Ih){v^'^ ® Ih){'^{^a ® l^)Gv{b ® 1h) ® i'{1a® h)i) 
(j/"Ms colinear) = {Ib ® e ® Ih){Ib ® ^)v^^{v{1a® h)v{b ® 1h)) 
= v-'^{v{lA®h)v{b®lH)) 
= (1a «) /i) ® (6 ® Iff) 
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and 

= {Ib ® e ® Ih){v'^ ® lH){y{lA® K)v{Ir® gi) ® h2g2) 

(z/ is colinear) = [Ib ® e ® Ih){v~^ ® Ih){v{^a ® h)Qv{lE,® g)^ ® v{Ia® h)i 
v{lR®g)i) 

Ms colinear) = {Ib ® e ® Ih){Ib ® ^)v^^{v{iA ® h)v{\A ® g)) 

= v^^{v{lA®h)v{lA(E)g)) 

= {lA(S)h)@{\A®g) 

Then we may compute that 

b{hi- c)(j{h2,gi)®hzg2 = K^i ■ c)[(j{h2,gi) ®hzg2] 

= h{hi-c)[v-\v{\A®h)v{\A®g))] 
(i^ is B-linear) = v^'^{[b{hi ■ c)]v{lA®1i)v{'yA® g)) 
= v^^{hv{hi ■ c®h)v{lA® g)) 
= v^'^{b[v{lA®h)v{c®\H)]v{lA® g)) 
= v^'^{bv{\A®h)cv{lA®g)) 
= v^'^{v{b®h)v{c® g)) 
= {b (g) h) @ {c (g) g) 

It results that the multiplication formula ior B® H is precisely the one for the crossed product. As we have 
defined the multiplication o\i B ® H such that it is comodule algebra, Theorem [5] implies that " •" and a 
verify the requested relations dSH), JSJ]), (EH), jSS]), ((3?6)) . 

If we write down explicitly the morphisms v and v"^ from relations (I4.2ip and ()4.22p . we obtain that the 
weak i/-action on B and the cocycle a are given by the formulas 

h-b = l{hi)b5{h2 ^ 13) 

a{h,g) = [l{hih{gi)mh2g2) ^ P) 

which are, up to the element /? £ H* , precisely as in the Hopf algebra case. For the proof to be complete, 
we have to show that a is convolution invertible. Define for any h,g € H, 

<7-\h,g) = 7(/3 - {hm))r\h2,g2mg3)S{h3)] 

Then this is coinvariant with respect to the iJ-coaction: 

p^(cr"^(/i,.g)) = '-f{higi)Qf3(h2g2)f^^{h3,g3)[S{gA)o6{h4)o] ® j{higi)i[S{g4)id{h4)i] 
61]) = -f{h,gi)Pih3g3).r\h4,g4mg6)S{he)]®ih2g2)[S{g5)S{h5)] 

(12311), (EH) = 7(Ml)/3(/l252)r'(/l3,53)[%4)<5(/l4)]®lj/ 

= a-\h,g)®lH 
We shall now compute the convolution product 

a{h,,g,)<j~\h2,g2) = {h{hih{gimh3g3)}Mh4g4mg7)S{hr)]} 

fi{h2g2)fi{h^g^)r\K.ge) 
UM.^^ b{hih{gi)mh^gMKg^m9ii)5{hii))]) 

w(/i2ff2, 5'(/i4ff4), {hTgj)[S{gw)S{hw)]) 

P{h3g3)f3(hsgs)f~^{h9,g9) 
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a.m^ bihih{9i)mh393Mh,g,){5{gr)Sihr))]} 

f3{h292)P{h595)rHh6,96) 

(I2l8l),gl]),g21),(l2l6l) = [j{hi)j{g,)][S{9g)S{hg)]Lo-\Sih3g3,h595,S{hrgr)) 
f3{h292)a{h4g4)P{heg6)f^^{h8,g8) 
(E3 = b{hih{gi)mgdS{himh2g2).r'{h3,g3) 
mB.^M ^ lihi){bi9i)S{gs)]S{hv)}Pih3g4).r\h4,g5) 
t^{h2,g3,S{g6)S{h5))uj~^{g2, Sigr), S{h(i)) 
a = j{hi){h{9i)5{gs)]S{hr)}f3{h5)P{geMhsg4, S{gs),S{he)) 
i^^^ihi, 35, S{g7))uj{h2, g3, S{g9)S{h7))oj~^{g2, S{gio), S{hs)) 
m = l{hi){[j{gi)S{g5mh5)}m3)P{g3Mh2,g2S{g4),S(h4)) 
(EH), gSD, (SSI - e{g)e{h)lA 

The similar computations for showing that a^^{hi, gi)a{h2, g2) — e(5)£(^)lyi, for h,g E H are left to the 
reader. Therefore cr is invertible with respect to the convolution product. 

(2) =^ (1) Define 7 : H — > B^^H by ^{h) = It is 7f-colinear, because the comodule structure 

on the crossed product is I a O A. We need an inverse for 7 (in the sense of Definition 25). If we denote 
S{h) = cr-\S{h2), h3 ^ a)#^S{hi) for heH, then 



2 



and 



PAiSm = a-\S{h2),h3^a)#^S{hi)i<g,S{hi) 

= a-\S{h:,).h4^aWaS{h2)®S{hi) 

= 5{h2)®S{hi) 

We can now compute that: 

5{h^)^(h2) - [a-\S{h2),h^^a)#,S{h,)]{\A#^h4) 

= (T^^{S{h2), hs a)a{S{hi)i,h4j^^S{hi)2h42 

= lA¥^S{hi)aih2)h3 

7{hi)(3{h2)S{h3) = {lJ,hip{h2)){a-\S{h4),h^^a)#,S{h^)) _ 

= [/lli/3(ft.2) ■ cr"H'S'(^4), ^5 ^ a)]o-(/il2i '5'(ft.3)i)#^/ll3S'(/l3)2 
= [/^l/3(/l4) • CT-\S{h7),hs - a)]t7(/l2, 5(/^6))#./l35(/i5) 

- [/^i/3(/i3) • a-\S{h^),hQ - a)]a(/i2, 5(/i4))#.lff 

(|3^ = a{hi^, S{h5)ih7^)uj{hi^, S{h5)2,h'/^)a~^{hi^S{h5)3, h7^)a^^{hi^, Sihs)^) 
aih2,S{h4))#„lHa{he)P{h3) 

= ijihi,Sih5),h7)a-\h2Sih4),hsWjHa{he)(3ih3) 
= S'(/i3), hr,)lAH'„lHa{hi)(3{h2) 

= e{h)lA#^H 

for aU h(zH. □ 
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Remark 34. (1) Unlike Theorem 27 from [I , the above theorem does not request the bijectivity of the 
antipode. Notice however the presence of the element /3 and of the twist f in the formulas giving the weak 
action, the cocycle a and its inverse, making all these much more complicated than in the Hopf algebra case. 

Putting together Theorem [33] and Theorem 1161 we can see how two cleaving systems are related for a 
given cleft extension: 

Corollary 35. Let H be a coquasi-Hopf algebra and B C A a cleft extension, with cleaving system (7, S). 
Then two linear maps 7', S' : H — > A form another cleaving system if and only if there is a convolution 
invertible map a : H — > B , such that 

i{h) = a-\h,Mh2) 
6'{h) = 5{hi)a{h2) 

for all h e H. 

Proof. Given two cleaving systems {j,S) and {j',S'), define a : H — > B, a{h) — j' {hi)(3{h2)S{h3) and 
a^^{h) — j{hi)P{h2)S' (h^) . Then it is easy to see that a{h), a^^{h) G B for all h ^ H and that a and a^^ 
are convolution inverse to each other. □ 

Remark 36. For any Hopf algebra H , it is well known that A = H is a cleft H-comodule algebra extension of 
k with cleaving system {Ih, S), in particular Galois. For coquasi-Hopf algebras, this does not work anymore: 
if it were true, it would mean that A = h^a-H , impossible unless H is a deformation of a Hopf algebra (see 
Remark 10.(4))- However, the existent similarities between the defining formulas for the antipode and the 
cleft extension suggest that maybe it could be possible in the future to find an appropriate context in which 
H can be seen as a cleft extension o/k, for any coquasi-Hopf algebra H . 

5. Appendix: Computing crossed products for coquasi-Hopf algebras of low dimension 

In this Section, we shall describe explicitly all cleft extensions for the coquasi-Hopf algebras of dimension 
two and three constructed in [12j . These are the smallest and simplest known examples of coquasi-Hopf 
algebras. However, we shall see that characterizing cleft extensions is not simple, even if we work only with 
generators and relations, and the amount of data increases even when passing from dimension 2 to dimension 
3. The method we use is inspired from [27j . 

Let k be a field of characteristic different from 2. Following [12] or [28] (where the dual case was consid- 
ered), the 2-dimensional coquasi-Hopf algebra -ff (2) is generated by a grouplike element x such that x'^ = 1. 
It is isomorphic as an algebra and as a coalgebra with k[C2], but with associator given by uj{x, x,x) — —1 and 
trivial elsewhere. It is not twist equivalent to a Hopf algebra, and any 2-dimensional coquasi-Hopf algebra 
is known to be twist equivalent either to k[C2] or to H{2). The antipode is the identity, the linear map (3 is 
trivial /3(1) — P{x) = 1, but the map a is not: a{l) — 1, a{x) = —1. 

Let A be a right iJ(2)-comodule algebra and denote B — 

Lemma 37. The extension B C A is H{2)-cleft if and only if there exist elements a, h & A such that 

ab = 1a, ba = —1a 
Pa{o) = a,®x, PA{h)~b®x 

In this case, the following hold: 

(1) The maps 7 : H{2) — > A, 7(1) = 1a, l{x) ^ a and 5 : H{2) — > A, 5(1) = 1a, S{x) = b form the 
cleaving system; 

(2) A is free as left B-module with basis {1a, a}; 

(3) The elements c = , d — — &^ are invertible in B and c^^ — d; 
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(4) The H(2)-weak action on B and the cocycle corresponding to the crossed product structure are 

1 • e — e, X ■ e — aeb 
a{x,x) — c and trivial elsewhere 

for all e G B. 

Proof. (1) For the first statement, it is enough to take a = ^{x) and b ~ d{x). Conversely, for any elements 
a and b with such properties, the maps given by (1) define the cleaving system. 

(2) Follows from the normal basis property (Theorem [33|) . 

(3) We have p^(c) = p^(a^) = (g) = c ® 1h- In the same way it follows that c? is a coinvariant 
element. The second relation is easy to get from the properties of a and b. 

(4) It is enough to use Remark 1341 The convolution inverse of a is given by a^^{x,x) — d. In particular, 
notice that pj^[aeb) = ae^b ® xeix — aeb (g) 1^, for any e G S. □ 

As H{2) has the coalgebra structure of k[C2], it is natural that A admits a C2-grading: A — Ai (B A^, 
with Ai = B. For a cleft extension, notice that the grading is strong, by Prop. 11 and Thm. 27 from [T], 
and Ax is free cyclic left S-module. 

Let B C A a cleft extension and define T : B — > B, J-{e) = aeb, for all e G S, where a,b G A are 
the elements given by the previous Lemma. Then by the above, J- is a linear endomorphism of B. From 
the commutation relations for a and b it follows that J- is even an algebra morphism. Statement (3) of the 
Lemma implies that the square of J-' is inner: J-'^{e) = cec~^, for all e e i? and that J-'{c) = — c. We shall 
see now that this is precisely what we need to built a crossed product by H{2). 

Proposition 38. Let B be an associative algebra. For each T G End(B) and invertible element c € B, 
define the following: 

1 ■ e = e, X ■ e — J-{e) 
a{x,x) — c and 1 elsewhere 
Then (_B, •, cr) form a crossed system if and only if 

(1) J- is an algebra morphism; 

(2) T^{e) = cec-\ V e G B; 

(3) Tic) ^ -c. 

Proof. Notice first that cr is convolution invertible regardless the above conditions, with inverse a~^{x,x) = 
c^^. It is easy to see that p.ip is equivalent with being an algebra endomorphism, relation (13. 4p with 
property (2) and (|3.6p is equivalent with (3). □ 

For an associative algebra B, we call the pair {T,c) (where f G Endi{B) and c G U{B)) a cleft H{2)- 
datum for B if conditions (l)-(3) from the previous proposition are fulfilled. The crossed product B^^H{2) 

T,c . . — 

will be denoted by ( — —). In particular, the morphism B — > B^^H{2), e — > e >S) 1h is injective and 
B 

preserves multiplication (can be seen as a comodule algebra morphism if we endow B with the trivial 
comodule structure). Via this morphism, we shall be able to identify elements like e ® with e, for any 
e € B. If we also denote a — Ib^o-^ ^^.d b ~ —c^^a = —c^^^^x, then {1b "Xi l_f/(2)i o,} is a left i?-basis for 
the crossed product with relations — c, b'^ — — c^^, ab — 1b#^1, ba = — 1b#^1. The comodule structure 
is as follows: p{a) — a® x and p{b) — b®x. 
Hence we have obtained the following: 

Corollary 39. Any cleft H {2) -extension B <Z A is of the form 
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Remark 40. (1) If B K D k is a field extension, then Provosition \38\ imvlies =^ /jj and J-{c) = — c, 
c G K \ {0}. In particular, J-{e) = e'"'^' — e^^-'c where e — eS^^ + e'-^^c is the decomposition of an 
element e € K over the subfield IS.-^ fixed by T (e'-"'^-', e^^-* G K'^/ For all c ^ Ik, the resulting 
crossed product (as an algebra in the monoidal category of comodules) is a ¥^-vector space, with basis 
{Ik (8) 1, Ik (8) x}, multiplication (nonassociative, noncommutative) (A x) {k(E)x) — A^(k)c(8>1 and 
neutral element Ik ® 1- 

(2) For B ah.- finite dimensional central simple algebra, conditions (1) and (2) of the previous Proposition 
imply that T is an algebra automorphism, so there is an invertible element c ^ B such that J-{e) = 
cec~^, for all e iz B. In particular, it means that c~^c^ G Z{B) = k, therefore c~^(y^ is a nonzero 
scalar. But condition (3) implies cc = —cc, contradiction with char(k) ^ 2. Hence for a central 
simple finite dimensional algebra there are no II(2)-cleft extensions. 

Let see now when two such crossed products are isomophic. 

Proposition 41. Let{T,c) and [T' ,c') be two H [2) -data. Then [~^\ — ( ~g — ) o,s right II{2)-comodule 

algebras and left B-modules if and only if it exists an invertible element s ^ B such that d — s^^J-'(s^^)c 
and T' (e) = s^^J-(e)s, for all e £ B. 

Proof. It is a direct appUcation of Theorcm ll6l Let 6 : ( ^ \ — > ( — ^ — j be such an isomorphism. Then 

9{e^„h) — eo(/ii)#g.'^2, for all e G S and h G II{2), where a : II{2) — > B is convolution invertible. As 
t)(lB#crl) = it follows that a(lB) = 1- Denote a{x) — s. Then s is a unit because a is convolution 

invertible. Moreover, by simply applying Theorem 1161 (2) and (3) we obtain the relations ^'{e) = s~^J-{e)s 
and c' — s^^J-(s~^)c. Conversely for s € B invertible with the above properties, it is easy to check that the 
mapping a : i?(2) — > B, o(l) = 1, a{x) = s fulfills the required conditions for the existence of a crossed 
product isomorphism. □ 

We consider now another example of a coquasi-Hopf algebra, but this time of dimension 3. Start with 
a field k containing a root g ^ 1 of order 3 of the unit. We denote by -ff (3) the coquasi-bialgebra of basis 
{l,a;,a;^} with algebra and coalgebra structures as for k[C3], but with cocycle uj given by the formulas: 

uj{x,x'^,x) = Llj{x'^,x,x) = uj{x'^,x'^,x) = q^^ 

/ 2 2\ / 2 2\ / 2 2 2\ 

Lo(x, X ,x ) — uj(x ,x,x ) — uj[x ,x ,x ) = q 

and trivial in rest. Then in il2j it is shown that to is not a coboundary (cannot be obtained from a twist). 
The antipode is the same as for the group algebra, the linear map a is trivial, but /? is not: 

= l,/3(x)=q,/3(x2) = g-i 

Consider A a right i?(3)-comodule algebra and B = A'^°^'^^\ We obtain then the following results (that 
we present without proof, as they follow the same arguments as for dimension 2): 

Lemma 42. The extension B <Z A is H(3)-cleft if and only if there exist elements a, b, c, d £ A such that 

ac = q^^lA, ca — 1a 
bd = qlA, db — 1a 
PAi^) = a®x, Pa{c)—c®x'^ 
Pa{^) — b®x^, pA(.d)=d®x 

In this case, the following hold: 

(1) The maps 7 : iJ(3) — > A, 7(1) 1a, l{x) = a, -i{x^) = b and 5 : H{3) — > A, S{1) = 1a, S{x) = c, 
S{x'^) — d provide the cleft extension; 
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(2) A is free left B-module with basis {1^, a, b}; 

(3) If we denote 



u 



(1) - 



= {a')dq-\ 



v^^' = ab, ' = ba 
Then these are invertible B -elements, with inverses 

= b{c^)q-\ 



aid'^)q 



= dcq, v^^^-^=cdq-' 



(4) The H (3) -weak action on B and the cocycle are given by 

1 ■ e = e, X ■ e = aecq, ■ e = bedq~^ 

for all e G B, respectively 



<t(-.-) 


1 


X 


X^ 


1 


1 


1 


1 


X 


1 








1 







Proposition 43. Let B be an associative algebra. For any T,Q ^ End\{B) and 
define an H (3) -weak action on B by 

1 • e = e, X • e = ^(e), x'^ ■ e = G{e) 

Consider also the linear map a : -ff (3) (g) H{3) — > B, given by 



<^{-,-) 


1 


X 


x' 


1 


1 


1 


1 


X 


1 






x^ 


1 







Then (B, ■, c) form a crossed system if and only if 

(1) J- and Q are algebra endomorphisms; 

(2) The composition rules for these two endomorphisms are 



(5.1) 



o 


T 


g 








Q 


w(2)(-)„(2)-l 





(3) The actions of T and Q on the above invertible elements are 









^(1) 


„(2) 


T 


„(l)^(2)^(l)-l 




^(1)^(2) 


vWq 


Q 




^(2)^(1)^(2)-1^-1 







u 



Let B be again an associative algebra. We shall call {J^, Q, u'^^\u^'^\v^^^ ,v^^'>) (where J^,Q & Endti{B) and 
G U{B)) a cleft if(3)-datum for B if conditions (l)-(3) from the previous Proposition 



(1) 7,(2) „(2) 



j',g,uW,u(^\v^^\v(^K 

B 



In 



are fulfilled. The resulting crossed product -B#^i?(3) will be denoted by ( 

particular, the niorphisni B — > B=f/=^H{3), e — > e (Ei 1h is injcctivc and preserves multiplication. Via 
this morphism, we may identify elements e 1h with e, for e € B. If denote a = lB#^a;, b = l^^x"^, 
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,(2)-l 



#0-2;^, d — u*-^-* ^^g-x, then {l^ ® l_f/(2),a, 6} forms a left i?-basis for 



with multiphcation table 



B 





a 


b 


C 




a 






9-H1s#.1h(3)) 




b 








9(lB#fflif(3)) 


c 


ls#crl-H"(3) 




^-l(„(2)-l^(l)-l^^^) 




d 




ls#crlH(3) 


g(t;(i)-i#,lff(3)) 


„(l)-ly(2)-1^^^2 



The comodule structure is given by p{a) — a® x, p{b) — b® x^ ^ p{c) = c® x"^ , p{d) = d® x. 
We have then obtained the following: 

Corollary 44. Any H{3)-cleft extension B C A is isomorphic to a crossed product ( — — ^ ^— ^ — ^ ^ 

Remark 45. Relations \5. 1\) imply that J- and Q are algebra automorphisms, with J-Q , QJ-, and 
inner. In particular, for B commutative, it follows that J-^ — /b and — Q . 

Finally we shall see when two such crossed products are isomorphic: 

Proposition 46. Let {T , G , u^^^\ u^^\ v^^\ v^^^'^) and {T' ,g' ,u'^^\u'^^\v'^^\v'^^^) two H (3) -data. Then 



B J \ B 

as right H{3)-comodule algebras and left B-modules if and only if there exist invertible elements s^^\ s^^^ G B 
such that 

g'{e) = 5(2)-lg(g)^(2) 

for all e G B, and 



s(2)-lg(5(2)-iy2)^(l) 
^/(2) ^ ^(2)-l^(^(2)-l)^(2) 



Proof. Denote a{x) — s^^^ and a(a;^) = s'-^\ where a : H{3) — > B is the convolution invertible map given 
by Theorem 1161 □ 
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